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1. Introduction

Fisrnt•J Goos and M1lavolta (i949) indicated a procedure for gradu-

ating exzeriasntal data by k1tacherlich's equation according to the method

of leamt &uaros, which is equivalent, in the case of interest here, to the

method of .',Aximmu Likelihood. Unhappily, however, the pracedure wa quite

labcriotas.

how, howevr, we are presentinag a "ries of six tablem of fwictions

uitich permit rapid andi precise graduation.

2. The Folyrnoialas Tabulated

Let us consider the case of an experiment with r.tJlication awd four

treatmente wit.h the levels q, 2q, 3q, and 4q of fertiliser or manure. V.g

prefer to t"e this cave as & bamic oxamile because the number of treatments

is not excessive and lea&s to an analy1is of varianoe with two degrees of

froedcm for reoresgion as represented by Mitscherlich's law (1 Imental Gomes

(1950a; and (1950b)).



The oqation to be salved it, then

Lx 17L-o xi 1po-c x° Z.jo- 2c xi

-Yi 10 0 x-2 i 0

vere xjm 0., x2 " q, x3" 2q, x4 - q, x" 4q . 7l, 72, 73, T# p4 4O Y5

represent the yields obtained with the corresponding levels of x. We can
tak 5 -*q and obtala the now equationa

Lxl iysi-I Lxisi-! -rxsi- 2

! Yis LuS £s21-2

We can divide the asecad raw by z and fix n $. Al@s, for simplicity,

we take q as luity, Po that xgVQ, x2 -1, x,32, x4-3, x5"4. The dotezminant,

written wt in fel, will be the following:

(Y2.2s7.+,,2y•.+,,•,5) (l÷2 4.s $ ) (9+20-.30.,40) * -

Yp 3 ay5 39) ~ S. ~ iiu

The dwelopment of this dtswiiaht giv.e va

Yj(s 35s2 - 3s3 - 9% - 6,5 - 8,6 + ,7.3S* ,9 -810)+

22-2u~ + 23+S4-65 s -a 7 9~ 010),

2a( + 3' 02 *4 *s 1- 59 5 ~ - S~

73(l 6 s2 9 + &I + l . 6,5 - U - ,4 .- 79 -sl o ) +

Y5(1 + 3*2 133 S4-6 & 6 0 - 0

These five polyr ilsa, are, hmwVer, divisible by (%-1)3, as shum by

moeiaera (190). Pertformng the divieola we obtaint
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713 65 112&3 .124.~ 12S * Is , 7 )+

72(-3 7v - 9s2 - e,. - 3s4 s6 + a?) +

y3(1 - 4s - 9z2 - 1•s3 - 13S4 - - 4,6 # Z7) +

A(•- 4 * -45 3 - e,4 - 925 - 7 -• - 3&7) *

75(1 + 4s 12&2 120 12- . 62; - 36)

Theoe Polynomials, the coeffictexs of the v&:" jg vaguea of y, are

tb o*we we must tabulate in order to facilitate the solution of the

equation.

The values of s, wtich a" of iaterest for the tabLjatiQng, are those

unni=n from 0 to 1, for, since
S "0-e

on"ve take q as unity and eŽ0, it is clear that the following holds

The eaJ&&latL= of the tablea eould not have been acoanflished with-

oat the ineetialae aseistame @f the pereonnel and speeialized eipmejnt

of ths ftatLstisal Setien ost 'lsis do QeLres", kizAly furnished thraouh

Pro . F. G. r"sser.

3. An llastrative ZI~p e

IA experimen in 11MM wkat emdweted in Post& Greoom, rareama,,

by the Kiflet7 at A erieultwo, al" lime (eeaelivi kydrozuds) ws applied

at leves of 0, 2, 4, 6 wa t intrio tome pr bW ire. A 5 x 5 Latin aqware

wse se. The lie wae applied in 1%0 and the wheat wse row from 1940

to I1 In the sams ploet. The data for 1942 are as show below.

Levul of lme 0 2 A 6 8

Xema "ed (ka/ha) 946 1.% 14M "1 14"4



The equation to be solved will be, then,

R(S) -9"J 1 (a) + "J 2 (s) *1'A"3J3 (s) 14866J 4 (s) 1464 J. z

S2J, (a), J- (.)P. ,te. area tk trn--,Ka• t "Polynoaals.

For a 0 the tables give

J1Z (S) 0,O J2 (a) - -3, J3 (a) " J4, (s) " j5 (z) " 1

Accw•~nl,

R (C) -94 X 0 - 1366 a 3 1 15.58 x 1 • 1486 x• #. 1464 x 1 - 250

For a - I we obtain in & I•zWlr ow er

ft(l) - 984 x 50 - 1386 x 25 - IL458 . W0 - 1486 x 25 -1465 z 50 - -223C0Q

Sinc,. (Ra)nd R(1) have o•joitse signs, the root ssScht neos.aril•y lies

b4etwin 0 and 1. It is easy to see tht. tshe root 3ou.ld be closer to 0 thsn

to 1. Lut us, then, take, for example, a - .4. 'e rind, by aemes of the t1ables,

Ji(O.4) - 984 x 3.376 -1386 x 7.811 -11.58 x 3.31.2 +1486 x 2.077

144 x 5.669 - 947?120

Aoordir4;1, the root is between sero and .4, being closer to sero. Let

um take, tben, a - .1. %e obtain, aain fr'= tiae tables,

R (.1) - 964 z - 138 z 3.799 + 1458 .X 0.496 * 146 x 1.396

146 x 1.533 - 1"-%0-.

nJe. 3,0.1) is positive and 1(0.4) is neptive, tJn root wiii be between

0.1 and 0.4. Therefore, ,6L s - 0.25. Then

R(0.23) - 964 x 1.y32 - 1366 x 5.4U8 - 1458 x 0.826 1 4V a 1.911

14" x 2.991 - - 18..

3e the root viii be betwees 0.1 and 0.25.

*'45 •ebos•d re"d 4L64
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Up Wo Ols point it would have bow possible to m'k the calca.atione

with only two decimls or even with onle oem.

Now "Aat the root has boew located within a rather oe me

can -q to detulm it by more precise methods.

Wham a varie from 0.1 to 0.25; that is, when it takes an increment of

0.1%, the i~ncremsnt in k (a) igw

- (-1".618) - 331.5-- 332.

We oet yp the proportian

rAd obtaix x = 0.066. So we tke, as & bettor estimate of the root,

a - 0.1 * 0.066 0.166. The tzra root will be in %A.it vicinity of this value.

Let me take a a 0.16. ie obtain

k(0.16) " 45.130.

The root will be, then, betweun U.16 and 0.25. A new proportion

giva us x 0.02, so a " 0.16 * 0.02 " 0.18. Ue find, however,

R(0.18). 3.600.

Therefore, the root will be between 0.18 and 0.25, very close to the

firt YlUeo the now porpuJ•.on indicates that the root will be betw•en 0.1

and 0.19. Let " tak s a 0.19 we will obtain

R(O.19) - -1.032

The owm proportio vwlI be

3.



0.x 0017. !Ius, Lhe root vij- Q* ai-isvxiately

w 0.1$ # 0.0017 a '..U17.

We take

1-0 - 0.1917

2 0.3703

4i. Thn Coiput~atlio of A

The value of A. in given by the formnla

i-i - i-2

~ ,i-1 z91-2

or

27

R&S All -.2 4a

This last polynomial w" &lee tabulat*d. The other poljnmwiale which

Appear in (d4.1) are easly e.Ieelatp.d, paftieqAlArljr if flaow's tables ore

In tb. a.u. of the ftirepift .zaqp1e we bave

P (0. U) 3.6

1(O.19) 3- 3

Ssatozpslatm O find

so w obtain



- W4 iL I.46t 18

A 145 x 0.99"w, O 1486 a 1.02681 "-175.8

1 ,54" x 1.032&1

• ... , A(1, * " £ : * *
C -. -i*j •f

log 3.ý.-'
c

= 1.2893.

Thus, Yitscherlich'3 ",JatiA-I for the case beird stuiled is

y - 1J75.U tL - 1o•'3T•x" 1.' I.•

5. An Dort&rt, F roýmrty

The pWlynoials tabled

J1 (s) - 3z , 6s 2 1h2s3 ' 12s&4 " 12s " 41 "

J, (s) "- -.3 - 7z- 9&2 _ S3 - 39, - 4,," - J,

J3 (z) - 1 - 4s- 9Z2 - 13Z3 - 13z4 - 9S5 - 4&6 ,7,

44 (sW . ' 4, - 32 - S - - -7s- 39,

4s (*) 2 • 1.4,53 * 12s - 60• js6

have the iortant poperty that

(5•.1) J1 (s) - 42 (s' # J3 (a) * J4 (s) - J5 (S) - 0.

This property a11oad us to verify the omputations in the tables of

these 14lynomialp. MHoever, due to the a~rroximtions !Involved in showing

the tables to only three docimle, there is, in sm ecase, a sash difference

of .001 in the cheek by the Wentity (5.1).
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b. TaLle* of Um folyn cAais

3) (a) . , , 2 120 12xA' 1,2a5 , J6 , A7

J2 (') * -3 " 7 - _ 3_ 4  4-.6 17

J2 3 s & 8s 3J3 (s) 1 i- 4 - 9 _ 13s3 13s4 9s5_ 4a6 97

164 (t)" • 3%'- SX4 - .90 - 7ab - 3J7,

3 5 3 6
](s) " 4 2a 2&' 4 s3 - 425 "2z6• - 2L7 45s•

31z--J (7) 3Z:: 3(1) J4(z) -JS(Z)- F (z)

0.00 0.000 -3.000 1.000 1,000 1.000 4.0C00

0.01 0,031 -3.071 0.951 1,040 1 041 3.93)2 1
0.02 0,062 -3.144 0.916 1,080 1.085 3.9^,98 8
0.03 0,096 -3,218 0.872 1.120 1.131 . 3,9437

004 0.130 -3.295 0825 1.160 1.180 3.9220

0,(3 0.166 -3,374 n.776 1.200 1.232 3.9045

0.06 0.204 -3.454 0.725 1.2i30 1.286 3.8863
0,07 0.244 -3.537 0.671 1.279 1.343 3,86E4

0,08 0.285 -3.622 0.615 1,318 1.403 3.3507

0 uv 6.323 -3,709 0 557 1.357 1.467 3.8333

0 10 0.373 -3.798 0 ' J6 1.396 i.533 3,8160

0.11 0.421 -3,890 0.432 1.435 1,603 3 -75.8

0.12 0.470 -3,984 O.'i 5 1.473 1.676 3.781 P

0.13 0, 52 -4,081 0.295 1.511 1,753 3,7649

0.14 0.576 -4.179 0.222 1.548 1.833 3,74P0

0,15 0.633 -4.281 0,146 1.585 1.917 3.7312

0.16 0.692 -4.385 C.067 1,621 2.005 3.7144

0.17 0.754 -4,492 -0.016 1,657 2.097 3,697e

0,19 0.888 i -4,713 -n.193 1,726 2.293 3,6 639
0.20 0,959 1 -4,829 -0.288 1,760 2.397 36468

0.21 1034 -4,946 -n.387 1,702 2,506 ., 
3 ,629 7

022 1.113 -5,067 -0.490 1.824 2,620 3,612?

0,23 1,195 -5,191 -0,597 1,854 2,739 ! 3,5948

ta



z Jlhz) J2i•') .13u') J41z) J35z Flz.

0.24 1 282 -5.318 -0.709 1.883 2,8•;2 3.57;L

0.25 1.372 -5448 -0.626 1.911 2.991 3.5,,JW

0,26 1.467 -5.581 -0,948 1,938 3.125 3.3407

0.27 1.566 -,.71• -1.075 1 962 3,265 3.5221)

0.28 1 .0 -5.858 -1 208 1.986 3.410 3.5m0

0,29 1,779 -6.001 -1.•147 2,UU7 3.561 3.485.,

0.30 1.893 -6.147 . [,41,41 2.027 3.718 3 4636

0.31 2,013 -6297 6'641 2,044 3.b51 3,443Z

0.32 2.138 -6.451 -1.793 2.05') 4 051 3.4222

0O33 2.270 -6.608 - 1.931 2,072 4...8 3241?7

0.34 2.407 -6.766 -2.132 2.082 4.411 3.?....

0.35 2.551 . -6 93 -2.7[19 2,089 4,602 3.3,50

0.J; 2 701 -7.101 -.j.4(4 2.094 4.890 3.3 323

0., , 2.859 -7.272 -2",,o 2.09.5 5.003 3,328!-

0.:•8 3,023 -7,448 -2 R.1C 2.093 5.218 3. .831

0.-9 3,196 -7 627 -3.09-) 2.087 5,q39 3.257J3

0.46 3.376 -7.811 -3 312 2.077 5.669 C, 3 20

0.41 3.565 -7.998 - 3.539 2.064 5.907 - "8"

0 42 3.762 -8.189 -3.773 2.046 6.154 3.1 -44

0,43 3.968 -8.385 -1.C,17 2,023 6,410 -,.14 4 -

0.44 4,184 -8 584 -4.2'1 1,996 6,676 3.11 1-'

0.45 4,409 -8,188 -4.576 1.963 6.951 43 082)

0 4r 4,644 -8.995 - t.f; 1 1.925 7,237 3.0497

0.47 4.890 -9,207 5.097 1.881 7.532 3.0157

0.48 5.147 -9.423 - 5.394 1.831 7.839 2.5~0S

0.49 5.415 -9.643 -5703 1,774 8.156 2.9449

0.50 5.695 -9,867 -r,,023 1.",11 8.484 2.90b2

0,51 5.988 -10.096 -6 "'57 1,640 8,825 ?.8M71

052 6.293 -10.328 -6,703 1.562 9.177 2.1266

0.53 3.611 -10,565 -7,063 1,475 9.542 "

0.54 6.943 -10,V07 _ 4.436 1.380 9.919 2.7414

0,55 7,289 - 11.052 _ 1.276 10,310 2 ,

r,.8•,r 7"651 -11.302 -B. 2'6 1,163 10,714 2.69013

0 57 8.02"i -1- 303 " 1.040 11,1?2 1. 1 24

0.58 8.420 -11 314 -9.076 0.906 11.564 2 552"0

0.79 8,829 -12.076 -9.525 0.761 12011 2.50230

0 GO 9.255 -12 342 . -9991 0,605 12,474 24495

0.61 9.699 1 -12.613 -10 174 0.436 12,952 2 3953

0.62 10.161 -12.887 1. 10:375 0,255 13,446 . 2.3395
0.63 ''10.643 -13,1C6 -11,494 0.061 13,957 2.2s.,2

004 11.144 -13.418 -12.033 -0,148 14.485 2.2 2:1

0.65 11,666 -13.7 :1 -12.590 -0,371 15,030 2.1626

0 66 12,?28 -11,024 -13.168 -0,610 15,593 2,100O

0.67 12.773 -1..18 -13.756 -0.365 16.176 2.u3,l',i

0.68 13,361 -14. ji7 1A4.186 -1.136 16.777 1.Q':7I

069 13.972 -14 917 -15.927 -1.425 17.398 1 9(41,

0,70 14,607 -15, 21 -15,91 -1,733 18,039 1.8, 9
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66 Anajs do E. S. A. "Luiz de Queiroz"'

"z-•r T•h-)3- 2(z) J?(z) 34(z) J5(z); Ptz)
0,71 15.267 -15.529 10-1,379 -2,060 18,700 1I 1,7675 1
0,72 15,954 -15,840 j-17,090 1 -2,407 19,384 ,(967
0,73 I 16,667 1-16,154 !-17.826 -2,775 20,089 Ii 1,6248
0,74 17,408 -16.471 1-18,587 -3,166 204l16 11 1,5518
0,75 1! 18,177 I-1-3,791 !-1,374 -3,579 21.567 H 1,4777
0,76 18,S77 -17,114 -20,138 -4,016 I 22,342 1,4028
0,77 119,806 -17,439 -21,030 -4.478 [ 23,14' 1.327i
0,78 20.668 -17,766 ;-21,900 -4,967 23,965 II 1.2509
0,79 21,562 -18.095 . 22,800 -5,482 24.815 II 1,1742
0.80 i 22,490 -18,427 i-23.729 -6,026 25,692 1, 10972
0,81 23,452 -18.759 :-24,689 -6.590 26,595 1.0203
0,82 24,450 -19,094 ;-25,680 -7,204 , 27.527 U 0,9435
0,83 I 25,486 -19.429 1-26,704 -7,840 28,487 0,8's7l
0,84 j 26,559 -19.765 1-27,762 -8.509 29,477 U 0,791-3
0.85 Ii 27,672 -20,102 '-28,854 -9.214 30,497 11 0,7168
0.86 28,826 -20,.440 i-29,980 -9,954 31,548 0,6434
0,87 I 30,021 -20.777 :-J1.143 '-10,732 1 32,631 I0 0,5717
0.88 31,259 -21,114 :-32.343 -11,548 33,746 U 0,5020
0,89 12,542 -21,451 !-33,581 -12,406 34,895 i 0,1347
0,90 I 33,871 -2ý,786 '-34,858 i-13,305 36.078 , 0,3702
0,91 35,247 -22,120 :-36,175 1-14,248 37.297 0,3090
0,92 36,672 -22,453 !-37,533 1-15.237 38,551 1 0,2516
0.93 . N 38,16 -22.783 :-38,933 1-16,273 1 39,843 Ii 0,19P5
0,94 39,672 -23111 1-40.376 ý-17.'457 1 41,179 0,1503
0,95 41,252 -23.436 1-41,803 i-18,4"' 1 42 541 I! 0,1076
0.96 42,888 -23.758 i-43,3D5 1-19,681 1 43,949 01 0,070q
0.97 li 44.576 -24,075 1-44,974 1-20,924 45,398 0 0,041t
0,93 46,324 -94.J89 -46,600 1-22,223 46,889 11 0,0188
0,99 48,131 -24.697 -48,275 1-23,581 1 48,422 ' n.0009
1,00" 50,000 -15,.00 ;-50,000 '-25.000 i 50,000 I1 O,OO0C



7. An Important Observation

Equation (2.1), ai'ter arrangment with respect to s, gives:

(7 + Y2 + 73 - YO4) 37 * (4y, * 4.v2 - 4y3 - 7y4 3 3•5') &6 .

(12Y1 - 9Y3 - W4, + 6.v5) s5 + (12yl - 3Yr2 ;y -13 y4, + 12y5) s4' +

(12y - - 13-Y3 - 3Yy , + 1 5 ) s 3 +(&Iy - gy, 9y3 2Y 5 ) s 2 +

(3y, - 72- 4Yv3 * 4741 * 05r) a + (32+ Y3 Y4 + 75) -0

This Oquatio Mlgt have at least arm variAtion in sign in order for

the graduation to be possible. In effect, the absmc•o of such variation

iztdiatoe the non-existenoe of a positive root, and therefore the impossi-

bllity of finding the root. between zero and one, which we require.
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